
Introduction

Macromolecules in dilute polymer solutions have usu-
ally been modeled as Hookean dumbbells and this
simple model enables the prediction of various rheolog-
ical properties. Most of these predictions consider an
unbounded domain and no interactions between dumb-
bells. However, relatively less attention has been paid
to the prediction of rheological properties in con®ned
geometries [1±3] where distinct phenomena occur, as for
example, the existence of an apparent slip close to the
domain solid boundaries.

Inclusion of hydrodynamic interactions in the dumb-
bell formulation leads to the prediction of interesting
features, such as the drag being anisotropic in space. The
result is a transversal migration e�ect which depends on
the size of the dumbbell beads [4]. It is known that the
Hookean spring model cannot predict the reduction in
the shear viscosity with shear rate [1] and nonlinear
models have been proposed, some of them with addi-
tional features, such as a Warner connector and
conformation ± dependent hydrodynamic friction [5],
®rst suggested by de Gennes [6]. Simulations performed
for dilute polymer solutions show that the use of a

Colloid Polym Sci 277:743±751 (1999)
Ó Springer-Verlag 1999 ORIGINAL CONTRIBUTION

M.A. Valdez
O. Manero

Rheology of dilute polyelectrolyte solutions
in narrow channels

Received: 26 September 1998
Accepted in revised form: 11 March 1999

M.A. Valdez (&)
Departamento de FõÂ sica
Universidad de Sonora
Ap. postal 1626
83000 Hermosillo Son.
Mexico
e-mail: valdez@eudeve.®sica.uson.mx

O. Manero
Instiuto de InvestigacioÂ n en Materiales
UNAM, Ap. postal 70-360
04510 Mexico D. F.
Mexico

Abstract The shear ¯ow of dilute
polyelectrolyte solutions bounded by
either neutral or repulsive walls is
modeled using a nonlinear dumbbell
with conformation-dependent fric-
tion. Assuming that the con®gura-
tional probability density function
depends on the internal coordinates
(r) and the distance of the center of
mass of the molecule to the walls,
coupled di�erential equations for the
tensor moments hrri are obtained.
Coulombic repulsion between beads
is considered to simulate the charge
repulsion between ionized sites dis-
tributed along the backbone of a real
polyelectrolyte. The repulsive inter-
action between the polyelectrolyte
molecule and the charged walls is
that of the DLVO model and the
molecule is considered to be a
charged sphere. Numerical solutions
for the components of the tensor hrri
are worked out with the preaverage
approach, and only when neutral
walls considered are exact solutions

obtained. Viscosity results show that
in the limit of very wide channels,
the corresponding viscosity in the
bulk is obtained. The wall repulsion
on the charged molecules produces
migration of molecules towards the
center of the channel resulting in a
depleted layer with lower viscosity
next to the walls. The calculated slip
phenomenon using the method em-
ployed by Grisa® and Brunn is
dependent on the beads repulsion
and the shear rate. The slip velocity
obtained with the Mooney method
shows similarities with available ex-
perimental results for polyelectrolyte
solutions. Birefringence calculations
are performed in narrow and wide
channels for di�erent bead repul-
sions, with interesting results for
both ¯exible and rigid molecules.
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conformation ± dependent friction coe�cient is a more
realistic approach in some circumstances to predict the
birefringence behavior observed in dilute polyelectrolyte
solutions [7].

It is well known that the molecular conformation of
polyelectrolytes in dilute solutions is greatly in¯uenced
by the ionic strength of the solvent. When this is low, a
highly extended conformation of the polyelectrolyte
gives rise to rheological behavior similar to that
observed in rigid rods. On the other hand, as the ionic
strength increases, the behavior in ¯ow resembles that
of a ¯exible macromolecule with a coiled equilibrium
conformation.

Simulations of the ¯ow of polyelectrolyte solutions in
unbounded media have been performed considering a
dumbbell with charged beads and a nonlinear connector
joining them. The predicted rheological behavior and
comparisons with experimental data in a general two-
dimensional ¯ow have beenwidely treated byDunlap and
Leal [8]. As observed in the experiments, the simulated
behavior when the repulsion between charges is varied
reproduces that of a ¯exible molecule (low repulsion) and
that of a rigid rod (high repulsion); however, interactions
with solid boundaries have not been considered in these
models so far, and no attention has been given to
polyelectrolyte solutions ¯owing in con®ned geometries.
It is known that the ¯ow of nonionic macromolecules in
con®ned media gives rise to interesting phenomena, and
these phenomena are highly dependent on the molecular
conformation: rigid or ¯exible macromolecules behave
di�erently in con®ned geometries.

It is the aim of the present work to simulate the
rheological behavior of dilute polyelectrolyte solutions
in shear ¯ow between parallel walls. Attention is given to
the drastically di�erent rheological behavior exhibited
when the repulsion of charges is modi®ed. Polyelectro-
lytes are represented by a nonlinear dumbbell model
which includes conformation-dependent friction. Cou-
lombic repulsion between beads is considered to simu-
late charge repulsion between the ionized groups of the
chain. As explained by Dunlap and Leal [8], each bead is
assigned an e�ective charge to obtain a desired degree of
chain expansion. In the ®rst stage, the walls are assumed
to be rigid and neutral. Secondly, the electrostatic
repulsion between the charged walls and the charged
macromolecules is considered. To a ®rst approximation,
this repulsion is modeled as that existing between two
in®nite charged walls and a spherical charge [9]. This is
obviously a rough approximation, but this approach is
the simplest one necessary to facilitate an understanding
of the rheological behavior of polyelectrolytes in con-
®ned media.

With the use of the preaverage approximation, we
obtain a coupled di�erential equation system for the
moments of the tensor hrri in stationary conditions, and
from these the moments, stress tensor, viscosity and

birefringence can be calculated straightforwardly. Re-
sults for the viscosity of the solution are dependent on
the size of the channel and the wall repulsion and for
su�ciently large separations between walls, they agree
with results obtained in the bulk [8].

In the following sections, a description of the model is
made and comparisons with results obtained elsewhere
are given. Calculations of the slip velocity and the
birefringence for di�erent Coulombic bead repulsions
are also described.

The model

The model of the elastic dumbbell includes a nonlinear
Warner spring [5] and electrostatic repulsion between
beads, each with an e�ective charge. The dumbbell
concentration is low and dumbbell±dumbbell interac-
tions are neglected. Coulombic repulsion is modeled as
point charges of magnitude q separated by the end-
to-end distance of the dumbbell �r0�. As in Ref. [8], the
charge q assigned to the beads is an e�ective value
intended to simulate the charge repulsion between
ionized sites that are distributed along the backbone of
the real polyelectrolyte. A Coulombic force law charac-
terized by a dielectric constant e which is independent of
the concentration of the counterions in the solvent is
assumed.

The solution ¯ows between narrow channels under
shear ¯ow with a velocity gradient of magnitude _c0. The
shear ¯ow is generated by moving two parallel walls
along the x-axis in opposite directions with velocity
vx � _c0y0c.

The channel walls are considered to be either neutral or
repulsive. In the latter case, an average force is assumed to
interact between the charged walls and the dumbbell's
center of mass and is given by the potential [9]

m�y0c� � KwkBT exp ÿk
y0c � H

r

� �� ��
� exp ÿk

H ÿ y0c
r

� �� ��
: �1�

This expression accounts for the interaction potential
existing between the charged walls, separated by a
distance 2H , and the dumbbell represented by a charged
sphere of diameter r: k is the Debye inverse nondimen-
sional screening length and kBT is the Boltzmann
temperature. Kw is an intensity parameter which depends
on the solvent, the e�ective charge and the size of the
dumbbell, and ®nally, y0c stands for the distance from the
center of the channel to the dumbbell center of mass
ÿH � y0c � H
ÿ �

.
To derive the equations of motion for the dumbbell,

the force balance for each dumbbell is expressed with
respect to the internal coordinates x0; y0; z0� � and the
center-of-mass coordinates x0c; y

0
c; z
0
c

ÿ �
:
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ÿ fr0������
Na
p r0 ÿ _c0C � r0� � ÿ 2kBTr0 ln�w�

ÿ 6NkBT
R2

r0

1ÿ r0
R

ÿ �2
 !

� 2q2r0

�r03
� 0 �2�

ÿ fr0������
Na
p r0c ÿ _c0 C � r0c

ÿ �ÿ kBT
2
r0c ln�w�

� kKw

r
exp ÿk

y0c � H
r

� �� ��
ÿexp ÿk

H ÿ y0c
r

� �� ��
j � 0 ; �3�

where r0 is the end-to-end vector, R � Na is the
maximum length of the dumbbell, N is the number of
subunits of length a in the chain, f is the Stoke's law
friction coe�cient for the dumbbell in equilibrium and C
is the transpose of the velocity gradient tensor. In Eq. (3)
j is a unit vector perpendicular to the walls and the
gradient r0c refers to the dumbbell center-of-mass
coordinates.

The ®rst term in Eqs. (2) and (3) represents the
frictional interaction between the solvent and the
dumbbell and the second term is the Brownian contri-
bution to the dumbbell motion, where w is the con®g-
urational probability density function. In Eq. (2) the
interaction between beads is represented by the nonlin-
ear elastic spring (third term) and the e�ects of the
electrostatic repulsion are included in the fourth term of
this equation.

As a ®rst approximation, the interactions between the
charged walls and the dumbbell are represented by those
existing between a charged sphere of average diameter r
(located at a distance y 0c from the center of the channel)
and the walls. This contribution is given by the third
term in Eq. (3).

The velocity gradient tensor is given by the matrix

C �
0 1 0
0 0 0
0 0 0

0@ 1A : �4�

To obtain the rate of change of the end-to-end vector
we combine Eqs. (2) and (3) with the continuity
equation:

ow
ot0
� ÿr0c � r0cw

ÿ �ÿr0 � r0w� � : �5�
It is assumed that w depends on the internal

coordinates r0 and the center-of-mass coordinates y0c.
These equations may be expressed in terms of the

dimensionless variables r � r0
R ; t � t0

h and _c � _c0 h, where
h is the Zimm relaxation time fR2=�6NkBT �. The distance

from the center of mass to the symmetry line of the
channel and the size of the dumbbell are rescaled with
yc � y0c=H and � � r=�H�.

Substituting Eqs. (2) and (3) into Eq. (5), multiplying
the resulting equation by rr and then integrating over
the con®guration space, (assuming that w goes to zero at
the limits of integration) we obtain the equation for the
second moments of the distribution function hrri.
d

dt
hrri � _chy2ij� y2ji� 2xyiii

ÿ 2����
N
p 1

r
1

1ÿ r2
ÿ E
3Nr3

� 1

3Nr2

� �
hrri

� 2

3N
3
2

1

r
I�

����
N
p

12r
�2

d2

dy2c
hrri

� kKw

����
N
p

6r
exp ÿk

yc � 1

�

� �� ��
ÿexp ÿk

1ÿ yc
�

� �� ��
� khrri ÿ � d

dyc
hrri

� �
; �6�

where i and j are unit vectors in the ¯ow direction and
perpendicular to the ¯ow, respectively. I is the unit
tensor and E is the dimensionless charge density
parameter E � q2= ek0BTR

ÿ �
viewed as the ratio of

electrostatic to thermal energy. This equation is a
generalization of the one obtained by Dunlap and Leal
[8] when the system is in the bulk and interactions with
the walls are ignored.

From Eq. (6) we obtain the corresponding equations
for each component of the tensor hrri in stationary
conditions:

A
d2

dy2c
hx2i � Bhx2i � Chxyi � D

� Gzhx2i ÿ G�
d

dyc
hx2i � 0 �7�

A
d2

dy2c
hxyi � Bhxyi � C

2
hy2i � Gzhxyi ÿ G�

d

dyc
hxyi � 0

A
d2

dy2c
hy2i � Bhy2i � D� Gzhy2i ÿ G�

d

dyc
hy2i � 0

A
d2

dy2c
hz2i � Bhz2i � D� Gzhz2i ÿ G�

d

dyc
hz2i � 0 ;

�8�
where the parameters A;B;C;D and G are given as
follows

A �
����
N
p

�2

12r
; B � ÿ 2����

N
p 1

r
1

1ÿ r2
ÿ E
3Nr3

� 1

3Nr2

� �
;
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C � 2 _c; D � 2

3N
3
2

1

r
;

G � kKw

����
N
p

6r
exp ÿk

yc � 1

�

� �� ��
ÿexp ÿk

1ÿ yc
�

� �� ��
:

�9�

Numerical solutions are obtained for these equations.
However, when neutral walls are considered, exact
solutions can be obtained and are given by

hy2i � c1cosh�ayc� � D
Aa2

hxyi � c1pcosh�ayc� � A1 � A2ycsinh�ayc�
hx2i � c1ppcosh�ayc� � c0 � c2ycsinh�ayc�

� c3y2c cosh�ayc� ;

�10�

where the constants are de®ned as follows:

a2 � ÿB
A
; c1 � D

Aa2cosh�a� ; A1 � CD
2A2a2

;

A2 � Cc1
4Aa

c0 � c
A

A1 � D
A

� �
=a2;

c2 � ÿ C
A

c1 � 2c3

� �
=a; c3 � CA2

2Aa

c1p � ÿ A1

cosh�a� � 2A2tanh�a�;

c1pp �
M ÿ c0� �
cosh�a� ÿ 2c2tanh�a� ÿ 2c3 :

�11�

Here M is the value of the moment hx2i at the wall
�yc � �1�. In Eq. (9) we have assumed that the moments
hy2i and hxyi are zero at the walls and that the ®rst
derivatives of all the moments are zero on the centerline
of the channel. A similar approach has been used by
Goh et al. [1].

The rheological properties for steady-shear ¯ow are
calculated in standard form from the added stress r due
to n dumbbells per unit volume:

r � nhFconnectorr
0i ; �12�

where Fconnector is the e�ective force between beads
including the Coulombic repulsion. After substitution
and using the preaveraging approximation in nondi-
mensional form, Eq. (11) becomes

r
3nkT

� N
1

1ÿ r2
ÿ E
3Nr3

� �
hrri : �13�

The steady-shear viscosity is obtained by calculating
the ratio of shear stress r and shear rate _c.

Results

To compare the result of this model with those of similar
approaches, viscosity pro®les across the channel calcu-

lated from Eq. (12) for N � 1; 1
2 � 1

� � 5 and for a low

shear rate � _c � 0:1� are given in Fig. 1. In this case,
Coulombic interactions between beads �E � 0� and
interactions with the walls are not taken into account.
Comparison with results obtained by Brunn and Grisa®
[2] shows that agreement is obtained for relatively large
values of the parameter 1

� (i.e. when the wall separation is
not too small). The dimensionless viscosity represents
the viscosity relative to that of a very wide channel
�1� � 100�. Notice that as the wall separation increases,
the viscosity tends to a constant value except in the
region adjacent to the wall.

For arbitrary values of the shear rate, viscosity
pro®les are shear-rate dependent and thus they depart
from those of the linear dumbbell used by Brunn and
Grisa®. Again, for N � 1; E � 0 and two di�erent shear
rates, Fig. 2 shows the normalized viscosity as a function
of channel width. Values similar to those of Grisa® and
Brunn [3] are obtained for separations 1

� � 10. For values
1
� < 10, the viscosities obtained are larger than predicted.

The behavior of the average viscosity for di�erent
shear rates is shown in Fig. 3. It can be seen that as the
channel widens, the average viscosity tends to that of the
bulk obtained by Dunlap and Leal. In Fig. 3a, predic-
tions for a relatively ¯exible dumbbell (low repulsion)
with neutral and repulsive walls are shown. The bulk
viscosity shear-thickens and describes a maximum at
_c � 10 after which a region of shear thinning is
apparent. In the case of neutral walls, as the wall
separation is reduced, the viscosity lowers, but the
curves follow the same trend with a pronounced shear-
thickening region. For charged walls, qualitatively the
same e�ect is manifested, but viscosity values are even

Fig. 1 Viscosity pro®les relative to a wide channel ��ÿ1 � 100�
calculated for N � 1 and di�erent wall separations ��ÿ1�. Coulombic
repulsion is not included �E � 0� and neutral walls are considered
�Kw � 0�
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smaller than those with neutral walls. On the other hand,
results are nearly independent of the size of the channel
and the charge of the walls when the shear rate is about
1000.

In the case of high repulsion �E � 1000�, where the
dumbbell conformation is similar to that of a rigid rod,
Fig. 3b shows a variation in the average viscosity with
shear rate for di�erent wall separations with and
without charge on the walls. In the bulk, continuous
shear thinning of the viscosity with a nearly constant
slope �ÿ0:624� is observed. As the wall separation is
reduced, the viscosity at small shear rates is lower than
that of the bulk and so a maximum is apparent at
intermediate shear rates. The maximum shifts to higher
shear rates for smaller wall separations and the e�ect
of the charge on the wall for a given separation is to
decrease the viscosity even further. Again, for very high
shear rates both the e�ects of wall repulsion and wall
separation tend to disappear.

In Fig. 4 viscosity pro®les across the channel are
plotted for various shear rates at ®xed channel width.
Predictions of viscosity for a ¯exible and rigid confor-
mation with and without wall repulsion are shown. The
overall e�ect of the charge on the walls is to decrease the
viscosity in the regions adjacent to the rigid boundaries,

Fig. 2 Average viscosity for two di�erent shear rates, obtained for
di�erent wall separations for the case N � 1;E � 0 and Kw � 0

Fig. 3a, b Average viscosity for di�erent shear rates including
charged and uncharged walls for N � 1000. a E � 0:1 and b E � 1000

Fig. 4a, b Viscosity pro®les for di�erent shear rates, wall repulsions
and for a ®xed wall separation. a E � 0:1;Kw � 0 and Kw � 10; b
E � 1000;Kw � 0 and Kw � 10
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and also to induce a steeper drop in the viscosity across
the channel. Notice the pronounced shear-thickening
e�ect in ¯exible dumbbells for both charged and
noncharged walls. In contrast, in Fig. 4b, rigid dumbbell
pro®les show a purely shear-thinning behavior, corre-
sponding to that shown in Fig. 3b for e � 0:05 and
Kw � 0.

The e�ect of increasing the wall-repulsion potential
on the average viscosity is depicted in Fig. 5 for a ®xed
shear rate and moderate bead repulsion. A strong
dependence of wall repulsion on the viscosity is ob-
served, and for highly repulsive walls the viscosity is very
small in the whole channel.

As predicted previously, a consequence of increasing
con®nement is that the average viscosity becomes
dependent on the characteristic length of the geometry
considered. In a number of analyses this phenomenon is
characterized by a slip velocity, which can be evaluated
using the following relation [1]

Us � 1

gs

Z 1

0

dy�r1xy ÿ rxy� ; �14�

where r1xy is the shear stress due to the contribution of
the macromolecules in the center of the channel and gs is
the solvent viscosity.

The behavior of the slip velocity as a function of the
shear rate calculated using Eq. (14) is shown in Fig. 6 for
E � 0:1 and E � 1000 for di�erent wall separations. The
behavior of the slip velocity is illustrated for charged and
uncharged walls as well.

In Fig. 6a, for a ¯exible dumbbell, the slip velocity is
a growing function of the shear rate and attains an
upper limit at the highest shear rates. For neutral walls,
the slip velocity is slightly larger than that with charged
walls in the low-shear-rate interval. In the presence of a
charged wall, the opposite behavior is observed in the
high-shear-rate region.

Similar results were obtained by Goh et al. [1] for a
narrower channel �� � 0:77� using a Warner molecule
with neutral walls; however, the slip velocity values are
smaller than those presented here probably due to
di�erences in the models.

In Fig. 6b we compare the results for two wall
separations. In this case the molecule is almost totally
extended and the slip velocity values are larger than
those for lower bead interaction �E � 0:1�. The slip
velocity is a growing function of the shear rate in all
cases and is greater for the narrower channels. The slip
velocity is comparatively greater for uncharged walls at
low shear rates but becomes lower at higher shear
rates.

As is well known, the method of Mooney may be
used to evaluate the slip velocity by comparing ¯ow
curves generated in a speci®c geometry as the con®ne-
ment is increased. Plots were obtained for E � 0:1 and
E � 1000 for uncharged walls. According to the Mooney
method [10], for a ®xed macroscopic wall shear stress
�sw�, if the apparent wall shear rate � _cw� from di�erent
¯ow curves is a linear function of the inverse wall

Fig. 5 Local viscosity in a channel with � � 0:05 for di�erent wall
repulsions, and for a ®xed shear rate and bead±bead repulsion

Fig. 6a, b Slip velocity for di�erent shear rates and wall separations
for charged and neutral walls (N � 1000, a E � 0:1 and b E � 1000
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separation, then it is possible to evaluate the slip velocity
using the following relationship [11]

Us � o� _cw�
4o�1=H� ; sw constant ; �15�

where 2H is the wall separation.
The nondimensional shear rate is plotted for the

inverse wall separation �4�� for three di�erent shear-
stress values in Fig. 7a. The results show a very good
linear correlation �R � 0:999� for the whole range of
wall separations considered. The slip velocity is greater
for the case when the chains are more extended
�E � 1000� than for the case when the repulsive
Coulombic interactions are negligible �E � 0:1�
(Fig. 7b). This result is in agreement with experimental
results of slip velocity for rigid (or semirigid) and ¯exible
macromolecules [12]. The Mooney method has also been
applied to other systems, such as charged colloidal
particles ¯owing in narrow repulsive channels [13],
where it is possible to evaluate the slip velocity from
the linear plot of shear rate versus inverse characteristic
length.

Finally, ¯ow-birefringence calculations were carried
out in a wide channel �� � 0:01� for three di�erent bead
Coulombic repulsions �E � 0:1; 100 and 1000)

Birefringence is determined using the following
relationship:

Dn
ncB
� hx2i ÿ hy2iÿ �2�4hxyi2
h i1

2

; �16�
where Dn is the birefringence, n is the refractive index,
c is the polymer concentration and B is a constant
which depends on the molecule polarizabilities, molec-
ular weight and refractive index.

The birefringence has been measured in bulk ¯ow
without the in¯uence of walls [7]; however, as shown in
Fig. 8, the birefringence measured in the channel center
as a function of the shear rate for di�erent wall
separations depicts an interesting behavior for the three
Coulombic repulsion levels. Evidently, the e�ect of
con®nement is to reduce the magnitude of the birefrin-
gence especially over the range of low shear rates. For
very slow ¯ows, and in the case of an extended rigid
conformation, con®nement reduces the birefringence to
levels seen in ¯exible molecules. Notice that as E is
increased, the shape of the birefringence curve changes
from an S shape (observed in ¯exible molecules) to a
concave shape characteristic of a rigid molecule. The
reduction in birefringence as the wall separation de-
creases is a very interesting behavior which is caused by
the decrease in the magnitude of the moment hx2i as the
con®nement increases, with no appreciable change in
hy2i and hxyi. This suggests that the low birefringence
levels are due to the increase in the hz2i moment,
implying that the dumbbells are oriented along the
vorticity direction.

Fig. 7 a Mooney plots for dilute polyelectrolyte solutions simulated
with N � 1000 and neutral walls for di�erent shear stresses. E � 0:1
(- - -), E � 1000 (Ð) b slip velocity as a function of shear stress for
¯exible (h) and rigid (j) molecules

Fig. 8 Birefringence calculations for dilute polyelectrolyte solutions in
the center of the channel for N � 1000, for �ÿ1 � 100 and �ÿ1 � 10
and di�erent Coulombic bead repulsions
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Discussion

The ¯ow of polymer solutions in con®ned geometries
is largely in¯uenced by wall e�ects, which become
important when the macromolecular size is compara-
ble to the dimensions of the ¯ow domain. In simple
shear, it is found that the concentration of macromol-
ecules decreases towards the walls, resulting in a
reduction in the viscosity in the wall region. Close to
the wall, the viscosity decreases because the wall layer
is depleted of molecules and also due to the fact that
molecules are oriented parallel to the wall and thus
they do not contribute to the shear stress. As observed
in Figs. 1 and 2, the wall layer or slip layer increases
in size as the wall separation decreases. These results
are also in agreement with those of Biller and
Petruccione [14].

In Fig. 3 the change in E from 0.1 to 1000 evidences
the increase in the zero-shear-rate viscosity due to
increased coil expansion. For large E, the solution is
shear-thinning in the bulk, re¯ecting the transition
towards an extended, rigid rod. The slope of the
viscosity±shear-rate curve in this case is close to ÿ2=3,
which corresponds to the value of the rotation period of
a rod in unbounded shear ¯ow at high shear rates [15].
On the other hand, the shear-thickening behavior in the
viscosity is a consequence of the increase in bead friction
with increasing dumbbell extension. An intersecting
point to mention is that the maximum in the viscosity
with shear rate is also found as the channel shortens. In
Fig. 3b, the shear-thickening region widens and the
maximum is shifted to higher shear rates as the channel
narrows. This e�ect is more pronounced with charged
walls, indicating that con®nement induces enhanced
hydrodynamic friction.

The reduction of the viscosity near the wall is less
sensitive to the imposed shear rate than that in the
middle of the channel. In fact, curves with di�erent
shear rates converge near to the wall, but the e�ect of
the shear rate is lower when the walls are charged
(Fig. 4). The results shown in Fig. 4 also illustrate that
the state of the wall has a very important e�ect upon the
depletion ± layer thickness. Comparison of the slip layer
for neutral walls with that for charged walls (Fig. 4)
shows that the size of the slip layer is larger at low shear
rates, especially when the dumbbell adopts an extended
and rigid conformation. It has been predicted [16] that
the mean depletion layer in rigid molecules decreases as
the shear rate increases form equilibrium to moderate
values. These results are explained by the fact that at
moderate shear rates, a dumbbell tends to align itself
with the direction of the ¯ow, and thus its center of mass
can approach the wall more closely than in the ¯ow at
very low shear rates. An increase in the size of the
depletion layer may be expected at very high shear rates
[16]

With respect to results shown in Fig. 7b, it is
apparent that decreasing the ¯exibility of the dumbbell
induces a greater slip velocity for a given shear stress.
Nonequilibrium molecular dynamics simulations of
chains sheared between two atomic walls [17] agree with
these results. Sti�er chains align more with the ¯uid than
the ¯exible ones to reduce the ¯ow resistance.

Velocity pro®les in simple shear ¯ow of polymeric
liquids are usually linear, but in some cases large slip is
observed near the walls. Slip has been predicted by
molecular dynamics simulations of short chains [18, 19].
As a result of this large slip, the actual shear rate is much
lower than the nominal shear rate. If the viscosity is
calculated using the nominal shear rate, the resulting
mean viscosity decreases as the wall separation decreas-
es, as observed in Fig. 3. The actual shear rate in the
channel, however, is signi®cantly di�erent from the
nominal shear rate [20]. If the viscosity is determined
using the actual shear rate, then the mean viscosity of
the ¯uid should increase as the wall separation dimin-
ishes, and the increase should be larger as the wall
separation becomes comparable with the dumbbell
dimensions. In fact, experiments in con®ned channels
with noncharged molecules between neutral walls have
shown that as the thickness of the ¯uid region decreases
below 6r�� � 0:167�, the viscosity of the ¯uid increases
dramatically [21, 22]. Nevertheless, it is possible to
estimate the actual shear rate from the curves in Fig. 7a
from the intercept as �! 0. This extrapolation corre-
sponds to the actual shear rate obtained in very wide
channels (bulk ¯ow), where the slip e�ects are negligible
for a given shear stress. Consequently, the estimated
shear rate would be lower than the nominal shear rate,
and the resulting viscosities in turn would be higher than
those shown in the curves in Fig. 3.

Another important issue of the present results is the
comparison of the slip velocities calculated from Eq.
(14) on one hand, and from Eq. (15) on the other hand.
The de®nition of the slip velocity by Brunn [23]
considers the di�erence between the shear stress near
the wall and the shear stress in the channel center. This
de®nition holds irrespective of the size of the ¯ow
geometry. The Mooney method, on the other hand,
considers di�erent wall separations. As the separation
becomes smaller, the e�ect of the slip layer increases
progressively for a given shear stress. In turn, the
average viscosity measured in ¯ow regions with decreas-
ing separation of the walls diminishes progressively.
However, Brunn [23] has also considered this case and
de®nes the slip coe�cient to be proportional to the slope
of the curve of the ¯uidity versus the inverse length of
the geometry. The data included in Fig. 7a give the
shear rate as a function of the inverse length at constant
stress. These data can be readily transformed into plots
of ¯uidity versus inverse length by dividing the shear
rate by the constant shear stress. Indeed, Brunn obtains
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a linear relation of ¯uidity versus inverse length, in
agreement with the results in Fig. 7. Figure 7b illustrates
the variation in the slope of the shear rate±inverse-length
curve with shear stress. The shape of the resulting curve
is in agreement with the results of Khare et al. [20] for
the prediction of the slip velocity using a bead±spring
model. Similarly, the results shown in Fig. 6 are in
agreement with those of Goh et al. [1], in that the
nonlinear dumbbell model predicts that the slip velocity
in Eq. (14) tends to a limiting value for increasing shear
rate. As already mentioned, the results presented in
Fig. 7b are in qualitative agreement with experiment.

Conclusions

In this work, the rheological behavior of dilute poly-
electrolyte solutions in a con®ned planar geometry has
been studied. Using a dumbbell model with a nonlinear
Warner spring force for polymers in solution under
shear ¯ow, it is possible to reproduce the behavior in the
bulk when the channels are about 100 times larger than

the size of the polymers. An interesting behavior is
obtained for narrower channels, i.e. a viscosity depen-
dent on the size of the channel, on the electrical
repulsion between the beads of the molecular chains
and on the wall-repulsion potential.

The slip velocity is also dependent on the size of the
channels and on the bead repulsion. The calculated
velocity is a growing function of the shear rate as
observed by other authors. For high shear rates, the slip
velocity is greater for repulsive walls than for neutral
walls; probably due to the migration of molecules
through the center of the channel and to the orienta-
tional e�ects induced by the ¯ow. Our consideration of
the Mooney method seems to be plausible in the sense
that the behavior of the calculated slip velocity is
similar to the experimental one reported by several
authors.
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